In this research work, a mathematical model related to HIV-I cure infection therapy consisting of three populations is investigated from the fractional calculus viewpoint. Fractional version of the model under consideration has been proposed. The proposed model is examined by using the Atangana-Baleanu fractional operator in the Caputo sense (ABC). The theory of Picard-Lindelöf has been employed to prove existence and uniqueness of the special solutions of the proposed fractional-order model. Further, it is also shown that the non-negative hyper-plane R 3 + is a positively invariant region for the underlying model. Finally, to analyze the results, some numerical simulations are carried out via a numerical technique recently devised for finding approximate solutions of fractional-order dynamical systems. Upon comparison of the numerical simulations, it has been demonstrated that the proposed fractional-order model is more accurate than its classical version. All the necessary computations have been performed using MATLAB R2018a with double precision arithmetic.
Introduction
Human immunodeficiency virus (HIV) is the virus that is responsible for acquired immunodeficiency syndrome (AIDS). It relies upon the transcription and translation machinery of its host cell. The virus infects a specific type of cell in the human immune system known as CD4 helper lymphocyte cells (CD4+ T). These cells are destroyed by HIV thereby making it harder for the body to fight other infections. When the level of the CD4+ T cells declines beneath a critical level, cell-mediated immunity is lost and the body becomes progressively susceptible to infections, resulting in the development of AIDS as explained in various studies [1] [2] [3] [4] [5] . Finding a cure for AIDS still happens to be one of the greatest challenges for scientists globally. In order to understand the dynamics of this deadly infection, various mathematical models have been suggested and modified. These models have provided vital information about the information of the interactions of distinct constituents, including infected cells and immune system, and have thus improved the progress in understanding the HIV-1 infection [6] . This may bestow towards proper enhancement of new drugs and for designing optimal combination of existing cures. In this regard, a classical mathematical model, that is, a model based upon first-order ordinary differential equations, has recently been discussed in [7, 8] . This classical model is nonlinear and autonomous in nature, presented as follows:
with the initial conditions X(0) = X 0 ≥ 0, Y (t) = Y 0 (t) ≥ 0, V (0) = V 0 (t) ≥ 0, where X(t) denotes the density of the uninfected cells, Y (t) represents the density of infected cells, and V (t) is density of the virus (HIV-I). Apart from these three populations, there are six working parameters in the model which play important role in understanding the dynamics of the model. The parameter λ represents the rate at which new susceptible cell is produced, σ is the natural death rate of uninfected cells, β is the rate of infection, a is the death rate of infected cells which produce new virus particles, k is the rate at which new viruses are produced, and p is the clearance rate of the virus. Table 1 shows their estimated values. Fractional-order operators have successfully been applied to model a number of mathematical problems arising from the fields like physics, chemistry, biology, ecology, finance, and engineering. Many such mathematical models have been proposed and analyzed by using different fractional-order operators as can be found in the recent studies [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . It is well known that Riemann-Liouville and Caputo-type fractional operators have singular type of kernels in the integrands of their definitions. Therefore, in order to tackle the physical problems with singularity, Atangana and Baleanu proposed a new operator based upon the Mittag-Leffler type kernel [27] . The proposed operators have all the features of the operator known as the Caputo and Fabrizio (CF) operator as introduced in [28] , and the kernel introduced is non-local and non-singular. Recent studies in numerical and analytical techniques of non-local kernel are getting much attention of researchers around the globe exploring this field. One of the main advantages of this operator is its useful application in the modeling of biological dynamical systems. Various biological systems have been proposed and analyzed by using the operator devised by Atangana-Baleanu in the Caputo sense (ABC).
Although, some other fractional models of HIV do exist, the main purpose of this research study is to expand the study of the model under consideration (1) by replacing its classical derivative with the ABC operator [27] . In this way, a new mathematical model related to the HIV-I infection is proposed in the present research study. Later, with the help of Picard-Lindelöf theory, we prove the existence and uniqueness of some special solutions of the proposed fractional-order model under the ABC operator. Finally, numerical simulations are carried out to illustrate the behavior of the solutions of the proposed model using a newly devised numerical scheme in [29] . It may also be noted at this stage that the stability analysis along with computation of the reproductive number R regarding the integer-order model (1) has been discussed in [8] , and for the sake of brevity such analysis is not repeated in the present research study. Page 3 of 17 The structure of the present paper is as follows. Some basic definitions and theorems necessary to comprehend the rest of the analysis are presented in Sect. 2 followed by Sect. 3 which consists of the proposed fractional-order model with its brief discussion. Section 4 provides, while using the Picard-Lindelöf theory, the discussion to understand the existence of the solutions for the proposed fractional-order model, whereas the uniqueness and the positivity of its solutions is also proved in the same section. This is followed by Sect. 5 which presents a newly devised numerical technique to approximate the fractionalorder dynamical systems under the ABC operator. Numerical simulations are provided in Sect. 6 with graphical illustrations to help us understand the dynamics of the model. Finally, the paper ends with Sect. 7 by discussing major contributions made in the present research work.
Preliminaries
In this piece of the section, we present some definitions and properties of the ABC operator [27] .
, the Atangana-Baleanu operator in the Caputo sense (ABC) can be defined as follows:
where F(Ω) is a normalized function satisfying F(0) = F(1) = 1.
, which may not be differentiable, the AB fractional operator in the Riemann-Liouville (ABR) sense can be represented by
Definition 3 ([27]) Atangana-Baleanu integral of the function f (t) having order Ω > 0 is defined by the following equation:
It may be noted if Ω → 1 then the classical integral is retrieved.
Important properties
The above presented definitions have been utilized to model numerous applications in biological fields. In order to understand and use these practical definitions, it is important to revisit their fundamental properties [27] :
and
Theorem 
where f (x) = sup b≤x≤d |f (x)|.
Theorem 2 Let f (t) and g(t) be two continuous functions. The following Lipschitz condition is satisfied:
The following fractional-order ordinary differential equation
has the unique solution given as follows:
Theorem 4 Let h(z) ∈ C[0, T] for sufficiently large T and ABC D Ω 0,t h(t) ∈ (0, T], then
with 0 ≤ s ≤ t, ∀t ∈ (0, T].
Fractional-order HIV-I model
The classical model (1) does not take into account the effects of memory (history) to analyze the spread of the HIV virus in much detail. To analyze the model under such effects, the model has been modified, and a new model having fractional-order derivatives with the ABC operator has been proposed as follows:
with the initial conditions
where all the working parameters are defined as in the classical model (1) presented above.
Mathematical analysis for the solutions 4.1 Existence of the solutions
In this piece of the section, the existence of the special solutions of the proposed fractionalorder model (13) is proved with the help of the Picard-Lindelöf theorem [30] .
The ordinary differential equation (10) with a prescribed initial condition can be converted to write in terms of the Volterra integral equation of the second type as follows:
For the sake of brevity, we introduce some new notations as follows:
Theorem 5 These kernels K 1 , K 2 , and K 3 satisfy the Lipschitz condition if the following inequalities are valid on them:
Proof We begin the analysis with the kernel K 1 (t, X). Let X and X 1 be two functions such that
where σ 1 = σ + βs and s = sup t∈V (t) V (t) . Then K 1 satisfies the Lipschitz condition, and when 0 ≤ σ 1 < 1, one may observe that it is also a contraction for K 1 .
In the same way, we consider the kernel K 2 (t, Y ). Let Y and Y 1 be two functions such that
where σ 2 = a. Then the kernel K 2 also satisfies the Lipschitz condition, and when 0 ≤ σ 2 < 1, one can see that it is also a contraction for K 2 . Finally, we consider the kernel K 3 (t, V ). Let V and V 1 be two functions such that
where σ 3 = p. Then the Lipschitz condition is satisfied for the kernel K 3 . For 0 ≤ σ 3 < 1, one can see that it is also a contraction for K 3 . Thus, using the kernels, one obtains
Considering the following recursive formula, one obtains
The difference between the successive components is given by
These simplifications yield the following structure:
Applying the norm condition for (28), one obtains γ n (t) = X n-1 (t) -X n-2 (t)
Since the Lipschitz condition is satisfied by the kernels, one obtains the following:
Thus,
Similarly, one can obtain the following:
Theorem 6
The HIV-I model has a unique solution on the condition that the term t max satisfies the following inequality:
Proof It has been demonstrated above that the functions X(t), Y (t), and V (t) are bounded and the Lipschitz condition is also satisfied by each of their kernels. Therefore, using the recursive method and equations (35)-(37), one obtains the following:
Hence, the obtained solutions exist and are smooth. Next, it is shown that these solutions are in fact special solutions of the proposed fractional-order model (13) . Consider that
The basic aim is to demonstrate that at infinity B ∞ → 0, C ∞ → 0, and D ∞ → 0. Therefore, starting from the first case, we get the following:
Applying the process recursively, one obtains the following:
Then at t max , one obtains the following:
Taking the limit n → ∞, we get B ∞ → 0. Continuing in the same way, one can show that C ∞ → 0 and D ∞ → 0.
Uniqueness of the special solutions
The uniqueness for the solutions of the proposed fractional-order model (13) is established in this part of the section. To start with, suppose that there exist other solutions for each equation of the proposed fractional-order model (13) , say X 1 (t), Y 1 (t), and V 1 (t), respectively. Considering the first equation, one obtains
(47)
Applying the norm condition on (32), one obtains
This yields the following:
This yields
Thus, it has been proved that the special solutions of the proposed fractional-order model (13) are unique. Following the same steps, it is easy to show the uniqueness of the remaining two functions, that is, Y (t) and V (t).
Positivity of the solutions
To show the positivity of the solutions of the model, that is, the non-negative hyper-plane R 3 + is a positively invariant region for model (13) , consider the following:
Furthermore,
It is demonstrated that on each hyper-plane bounding the non-negative hyper-plane, the vector field points into R 3 + . Using the proposed fractional-order model (13) , one obtains the following:
Hence, from Corollary 1, it is observed that the solutions of the proposed fractional-order model (13) will be in R 3 + . With this, we complete the proof for the positivity of the solutions of the underlying model.
Numerical technique
The proposed fractional-order model (13) is non-linear in nature leading to possibility of having no closed form solution. It is, therefore, necessary to deal with it numerically.
Recently, a numerical technique based upon the ABC operator has been devised to solve such dynamical systems in [29] . Given below is the structure of the technique to be used to serve the purpose in the present research work. Consider the following initial value problem in fractional-order settings under the ABC operator: y(t) ), y(0) = y 0 .
(54) Problem (54) can also written as
subject to the following initial conditions:
Using the numerical technique at a point t = t n+1 , one obtains
where j J Ω n , j = 1, 2, 3 are the remainder terms represented by the relations [29] :
Since not only the proposed fractional-order model but the classical HIV-I model is also non-linear, so it carries the possibility of having no closed form solution in all cases. Therefore the classical version of the model has been solved using the standard Runge-Kutta fourth-order method from standard numerical analysis with time step-size h = 10 -4 , whereas the fractional model is dealt with equations (63)-(65) using the non-negative initial conditions with the time step-size h = 10 -2 . Simulations given in Figs. 1-6 reveal the past or memory behavior for the numerical solutions of the proposed fractional-order model under the ABC operator. Before eventually reaching the solution curve of the classical HIV-I model, it has various shapes that speak for the past behavior of the underlying system, and this is something that cannot be obtained via classical mathematical models. Hence, this justifies the fact that fractional-order models estimate the real or experimental data more efficiently than their classical counterparts in most physical and natural phenomena such as the one presented in this research study. The values of the working parameters used in the present numerical simulations are listed in Table 1 . Numerical simulations obtained in the tables and figures are summarized as follows:
• On the basis of the parameters from Table 1 , the graphical simulation results have shown that when the initial amount of density of the virus is not present, then the Fig. 5, but when initially there is some amount of initial density of virus present in the system, then the system gets stabilized after a longer period of time as shown in Fig. 6 . • Looking at the tabular data, it is observed that when initially there is some amount of density of the virus V (0) = 40 and there is no production of new virus k = 0, then density of the virus starts to vanish but is not completely wiped out due to the presence of β value, and this real behavior is clearly depicted in Table 2 for the fractional-order parameter Ω = 0.99. • Table 3 suggests that for no initial presence of the virus but with clearance rate p = 0, the density of the virus increases at a lower rate than the classical case Ω = 1, whereas the density of uninfected and infected cells increases at a faster rate. • Finally, the doubling of the clearance rate p = 6 for the fractional-order parameter Ω = 0.98 in Table 4 leads to slowing down the virus production, which is obvious in the real situations.
Concluding remarks
It has been shown in the present study that the proposed fractional-order HIV-I model is capable of capturing all those memory effects which are not possible to obtain via a classical version of the model. Being a non-linear system, the special solution of the HIV-I model has been guaranteed through existence and uniqueness theorems carried out via Picard-Lindelöf theory. During the analysis of the proposed model, it has been observed that the fractional-order model gives the entire history for the solution of the system (HIV-I) under consideration and is thus capable of predicting the experimental data more accurately. This is due to an essential feature of the fractional-order operators called the non-locality which makes them more suitable for memory-dependent dynamical systems. It is this non-locality that provides us an infinite number of degrees of freedom for the fractionalorder parameter Ω > 0.
